In this paper, a numerical integration technique, based on particle swarm optimization is proposed to investigate the effects of internal heat generation/absorption, on MHD boundary-layer flow of different types of nano-fluids over a rotating disk with uniform suction. Thermo-physical properties are modeled based on a wide range of experimental data. In the model, effect of nature of base fluid, nature of nano-particle material, size of nano particle, concentration of nanoparticle in the base fluid, nano-thermal layer formed around the nano particle etc. are taken into consideration. The two dimensional non-linear partial differential equations governing the flow are reduced to a system of coupled non-linear ordinary differential equations by using similarity transformations. These non-linear equations have been solved by using shooting based integration technique along with particle swarm optimization. In this study, four different types of water bases nanofluids are compared with respect to heat transfer enhancement, and the effects of nano-particle concentration, nanoparticle size and heat generation/absorption parameters are studied in detail. The effects of different parameters on the dimensionless velocity profile and temperature distribution are discussed graphically. It is found that out of the four nano fluids considered, the heat transfer rate for CuO water based nano fluid is highest. It is also concluded that small sized nano-particles, high suction and high heat absorption increase the heat transfer rate.
INTRODUCTION
Fluid flow over a rotating disk has various applications in Industrial and engineering processes such as rotating machinery, lubrication, oceanography and computer storage devices, etc. Von Karman (1921) formulated this rotating disk problem and gave the transformation to convert the governing partial differential equations into ordinary differential equations. The theoretical and experimental investigation of such type of flow problems has attracted various researchers after the pioneer work of Karman (1921) . Rotating disk problems have been successfully studied and used in cooling rotating machinery and generators for decades. Usha et al. (2004) analyzed the unsteady thin conducting liquid film of non-uniform thickness on a rotating disk which is cooled axisymmetrically from below. The rotationally symmetric flow over a rotating disk of an incompressible viscous fluid is analyzed by Chawla et al. (2009) . The steady flow of an incompressible viscous fluid above an infinite rotating disk in a porous medium is studied by Attia (2009) . Attia reported that, with the increase in porosity parameter the temperature and thickness of the thermal boundary layer increase. Anjali Devi et al. (2011) analyzed the radiation effects on hydro-magnetic flow due to a rotating disk, and reported that the rate of heat transfer increases with the increasing values of radiation parameter. Recently Griffiths (2015) studied the boundary-layer flow due to a rotating disk considering few generalised Newtonian fluid models. From literature surveyed, it is also observed that the presence of magnetic field also plays an important role on heat transfer rate and fluid flow characteristics. studied the Hall and ion-slip effect on boundary layer flow of a micro polar fluid past a wedge in presence of magnetic field and concluded that in a micro polar fluid, the Hall effect and increased magnetic field enhances the heat transfer rate significantly. Seth et al. (2015a Seth et al. ( ), (2015b and (2015c) also studied the Hall current effects on hydromagnetic convection flow under different heat generation/absorption conditions. Magneto hydrodynamic stagnation point flow and heat transfer on stretching sheet with chemical reaction and transpiration is studied by Mabood et al. (2015) . The obtained results show that the flow field is substantially influenced by the presence of chemical reaction, transpiration, and magnetic field. The flow past a rotating disk in presence of magnetic field is also studied by various researchers. Arikoglu et al. (2006) formulated the problem to study the steady magneto-hydrodynamic (MHD) flow of a viscous, Newtonian and electrically conducting fluid over a rotating infinite disk with slip boundary condition and found that both the slip factor and the magnetic flux decrease the velocity in all directions and thicken the thermal boundary layer. Effects of thermal radiation on MHD and slip flow over a porous rotating disk with temperature dependent thermo-physical properties of fluid are analyzed by Osalusi (2007) . Shrinking rotating disks have also been studied under different conditions. Turkyilmazoglu (2014) derived the solution for the fluid flow and heat transfer due to a shrinking rotating disk in presence of magnetic field and concluded that the heat transfer is reduced for low rotations and radial shrinking of the disk can overcome the wall heating. the effects of heat generation/absorption on the fluid flow and heat transfer characteristics under different flow configurations is also studied by various thermal science researchers (Rafael (2005) , Uddin et al. (2014) and Ravindran et al. (2014) . It is concluded from the numerical computations reported in the literature that the heat absorption enhances the skin friction, heat and mass transfer coefficients.
The thermal performance of the any cooling/heating system depends upon thermos-physical properties of the fluid flow involved in the process. Therefore, to improve the thermal performance the fluid with improved thermal properties has to be used. But the common fluids like water, ethylene glycol and oil etc. have low thermal conductivities. On the other hand metals and their oxide have high thermal conductivities compared to these fluids. A uniform dispersion of low concentration nano-size metal/metal-oxide particles into the base fluid can enhance the thermal conductivity; these fluids containing nano-size particles are called nano-fluids [Yu et al. (2003) ]. This concept attracted various researchers towards nano-fluids, and various theoretical and experimental studies have been done to find the thermal performance using nano-fluids [Alsaedi et al. (2012) , , Uddin (2015) , Ganga et al. (2015) and Rashidi et al. (2013) ]. It has been observed that the thermal conductivity of nano-fluids depends on the various factors e.g., particle material, base fluid material, particle volume fraction, particle size, particle shape, temperature, nano-particle Brownian motion, nano-particle-base fluid interfacial layers, and particle clustering etc. [Yu et al. (2003) , ]. The effects of heat generation/absorption on stagnation point flow of nano-fluid over a surface with convective boundary conditions are studied by Alsaedi et al. (2012) . In this numerical study Alsaedi analyzed the velocity, temperature and nanoparticle concentration profiles with respect to the Brownian motion, thermophoresis parameter, permeability parameter etc. Uddin (2015) obtained the solution for the MHD boundary layer flow of a nano-fluid past a wedge shaped wick used in heat pipe to draw the heat from a system. Recently Ganga et al. (2015) studied the MHD radiative boundary layer flow of nanofluid past a vertical plate with internal heat generation/absorption, viscous and ohmic dissipation effects. The studies involving the rotating disks under different conditions have been done by the researchers, but only a few theoretical/numerical studies of the nano fluid flow past rotating disks have been reported. Rashdi et al. (2013) applied the second law of thermodynamics to an electrically conducting incompressible nanofluid fluid flowing over a porous rotating disk in the presence of an externally applied uniform vertical magnetic field. In this study Rashidi et al. considered only the effect of nano particle concentration on the thermos-physical properties of the nano fluids. To the best of our knowledge, none of the study involves the rotating disks in presence of heat generation/absorption with nano-fluids considering the effect of nano particle size, nano liquid layer formed around the nano particle, nano particle concentration etc.
Therefore, the scope of the present work is to implement the appropriate empirical models for the properties of nano-fluids which satisfy a wide range of experimental data, and to study the effects of nano fluid type, nano paticle concentraition, nano particle size, heat generation on heat transfer and skin friction coefficients. To solve the non-linear differential equations governing the flow and heat transfer of nano-fluids over the rotating disk, a new methodology based on particle swarm optimization (PSO) has been considered.
MATHEMATICAL FORMULATION
The problem of steady, axially symmetric laminar flow of nano-fluid over a porous rotating disk under heat absorption/generation is considered. A uniform magnetic field is applied perpendicular to the surface of rotating disk. The z axis for the cylindrical coordinate system is taken perpendicular to the surface of the disk. u, v and w are the velocity components along the r, Ө and z directions respectively. The ambient temperature is T∞ and the temperature of the disk is Tw. The physical model and coordinate system are shown in Fig 
here Q0 is heat generation/absorption and the sub script "nf" represents the thermal properties of nano fluid.
Boundary conditions are:
Nanofluid properties:
To consider the effect of nano particle size, nano particle concentration and nano-thermal layer formed by the fluid around the nano particle etc. and keeping the experimental validation of the thermo physical properties of nanofluids, appropriate models for effective viscosity and effective thermal conductivity of nanofluids are used. Following 
The effective thermal conductivity of nanofluids (Yu et al. (2003) ) is given by:
Here kf is thermal conductivity of base fluid, rp is radius of nano particle, dp is diameter of nano particle, kp is thermal conductivity of nano particle, h is the thickness of nano layer formed by the fluid particles around the nano particle, klayer is the thermal conductivity of the nano layer. From the experimental results it is observed that klayer=100kf.
To simplify the equations (1-5) along with the boundary conditions (6), following non dimensional transformations are introduced:
Using the non-dimensional quantities (12) and the thermo-physical properties of nano-fluids (7-11), the transformed equations (1-6) are as follows:
And boundary conditions are:
where F, G, H and Ө are non-dimensional functions for velocities and temperature, η is non dimensional distance. M is magnetic field parameter, Pr is Prandtl number and Ws is suction parameter. 
METHOD OF SOLUTION

Particle Swarm Optimization (PSO)
Particle swarm optimization (PSO) [(Kennedy et al. (1995) , Poli et al. (2007) and Rini et al. (2011) ] is one of the evolutionary algorithms that simulates the behavior of Bird flocking and fish schooling etc. When a flock of birds searches for food, the birds find food through social cooperation with other birds in neighborhood. Initially all birds move randomly, but after a while all the birds follow a bird which is nearest to the food. Particle swarm optimization utilizes a population of particles that fly through the problem hyperspace with given velocities. In each iteration, the velocity of individual particle is stochastically adjusted according to its historical and the neighborhood best position. The particle best and the neighborhood best are derived according to a user defined fitness function. The movement of each particle naturally evolves to an optimal or near optimal solution. Every particle remembers its own previous best value as well as the neighborhood best. Then, all particles are informed about the most successful particle for further improvement in the solution.
In PSO, the term particle refers to a population member who is massless and volume-less that is subject to velocity and acceleration towards a better mode of behavior. Each particle keeps track of its coordinates in the problem space which are associated with the best solution (objective function to be optimized) achieved so far. This value is called 'pbest'. The particle also keeps track of the best value obtained so far by any particle in the neighborhood. This value is called 'Ibest'. At each time step, the particle swarm optimization changes the velocity of each particle towards its 'pbest' and 'Ibest'. In PSO a fitness function is defined which is to be optimized (minimize for the present case). Initially a number of random solutions of the problem are generated in the search space. In each iteration, the values of fitness function are calculated for each particle and two minimum values of the fitness function are found. The first value is named as 'pbest' and the second value is called 'Ibest'. Each particle's velocity and position are updated by the following equations. 
A. Implementation of PSO
The non-linear differential equations (13)- (16) subjected to the boundary condition (17) constitute a boundary value problem. In order to solve these equations numerically, Runge-Kutta Fehlberg method with particle swarm optimization based shooting technique is applied. The ordinary differential equation (13)- (16) 
. In the numerical computation "infinity" is taken equal to 5, because the momentum and thermal boundary layer thicknesses are less than 5, and for large values of  , there was no significant change in the results. This signifies that η→∞ can be considered as η→5. To get the unknown initial conditions, the objective function (fitness function for PSO) to be minimized is:
In PSO algorithm, an optimized solution is usually achieved in a number of iterations using a random approach. Therefore to get the solution of the problem by using the methodology discussed above, we ran a MATLAB code until it satisfies the condition Min≤ 10 -08 . For each iteration, the random population size is taken as 200.
RESULTS AND DISCUSSION
The computations have been carried out for four different type of water based nano-fluids under different conditions. The thermo-physical properties of pure water and pure Cu, CuO, Al2O3 and TiO2 are given in Table 1 .
The effects of various parameters involved in the problem on the velocity profiles, temperature distribution, heat transfer coefficient and skin friction coefficient have been calculated and presented in the form of graphs and tables.
To check the validity of formulation, The results are compared with previously published work under certain conditions and presented it in Tables 2, 3 and 4. This Table implies that the results are in good agreement with the earlier published work and it proves the validity of the proposed method. From tables 2 and 3 it is also clear that, with the increase (0) decreases, whereas the value of G'(0) increases. Table 4 shows the effect of suction parameter on "-Ө (0)". This Table demonstrates that with the increase in magnitude of suction parameter, there is a significant increase in"-Ө'(0)" and causes the increase in heat transfer rate.
The comparison among different type of nanofluids with respect to Nusselt number and skin friction coefficients have also been done and given in Table 5 . For the comparison the computation parameters are Ws=-1; dp=10 nm; 05 . 0   ; Q=0.01; M=1; h=2 nm; klayer=100kf.
From the table 5, it is clear that the value of Nusselt number is highest for CuO+ water nanofluid and smallest for TiO2+water nano-fluid. The value of the skin friction coefficient is highest for Cu+water nano-fluid. To find the effect of different parameters viz. nano particle concentration, nano particle size, heat generation/absorption parameter etc, the computations have been done for CuO+Water nanofluid only and the results are presented in Table 6 and Fig. 2-10 . The effect of nano particle concentration on velocity profiles and temperature distribution is shown in figs. 2-5. Figs. 2 and 3 depict that with the increase in nano particle concentration the radial and tangential velocity decrease, whereas fig. 4 shows that the axial velocity of the nano fluid increases with the increase in nano particle concentration. Fig. 5 shows that with the increase in nano particle concentration the temperature also increases, and results in the thickening of thermal boundary layer thickness. From table 6, it is concluded that, for 10 nm sized nano particles the increase in nano particle concentration decreases the heat transfer rate, whereas the skin friction coefficient increases. Figures 6-9 depicts the variation of velocity profiles and temperature distribution with nano particle size. It is clear from figs. 6, 7 and 8 that the radial and tangential velocities increase with the increase in particle diameter, whereas the axial velocity decreases. Since the skin friction depends upon the initial slope of radial and tangential velocity profiles, therefore the increase in these velocity profiles with the increase in nano particle diameter results in increase in skin friction coefficient as given in table 6. Fig. 9 demonstrate that the increase in nano particle diameter decreases the temperature and causes the depletion of thermal boundary layer. Since the effective thermal conductivity of nano fluid decrease with the increase in nano particle diameter, therefore the heat transfer rate also decreases with the increase in nano particle diameter, as shown in table 6. The effect of heat generation/absorption parameter on temperature distribution can be visualized in fig.  10 . Positive values of "Q" in the figure are representing the heat generation and negative values are corresponding to heat absorption. From figure it is clear that as heat generation increases the thermal boundary layer thickness increases and heat absorption reduces the thermal boundary layer thickness. Increase in heat absorption means that the heat is withdrawn from the system by some means. This is the reason why increase in heat absorption parameter results in decrease in thermal boundary layer thickness and increase in heat transfer rate (as given in table 6). 
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Distance () dp=05 nm dp=10 nm dp=15 nm Fig. 9 . Effect of nano-particle size on temperature distribution for Ws=-1;h=2 nm; dp=10 nm; Q=0.01;M=1. 
CONCLUSION
Steady MHD flow of nano-fluids over a rotating porous disk in presence of heat generation/absorption is studied numerically using a novel approach of particle swarm optimization along with Runge-Kutta Fehlberg method. It is observed that heat transfer and skin friction coefficient for the geometry discussed in this paper depend on various factors. viz., nano particle concentration in base fluid, nano particle diameter, heat generation/absorption, suctions velocity etc. From the present study it is concluded that:  For Cu+Water nano fluid the value of skin friction is highest and for TiO2+Water nano it is least. The value of skin friction for CuO+Water nano fluid is in between these two nano fluids. At the same time the heat transfer rate is maximum in case of CuO+Water nano fluid. Therefore, it is a good option to use CuO+Water nano fluid in such type of configuration.
 The heat transfer rate is highest for small sized nano particles and at the same time skin friction is least. Therefore it can be concluded that, for practical applications related to thermal industry the best nano fluid is one with smallest nano size particle.
 Heat absorption and suction velocity also play an important role in heat transfer rate. More suction and more absorption enhance heat transfer rate.
